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Model-less hybrid position/force control: a
minimalist approach for continuum manipulators in
unknown, constrained environments
Michael C. Yip1 and David B. Camarillo2

Abstract—Continuum manipulators are designed to operate in
constrained environments that are often unknown or unsensed,
relying on body compliance to conform to obstacles. The interaction mechanics between the compliant body and unknown
environment present significant challenges for traditional robot
control techniques based on modeling these interactions exactly.
In this paper, we describe a hybrid position/force control method
that uses a model-less approach. Model-less control is a recentlydescribed approach to control that learns the continuum manipulator Jacobian and adapts to constraints in the environment
in a safe manner. When interacting with the environment using
the end-effector, these tip-constraints can affect the manipulator Jacobian estimates to become ill-conditioned. This paper
addresses this issue by defining a hybrid control approach
for simultaneously controlling end-effector position and forces
while still maintaining the minimalist approach of model-less
control. Under this method, continuum manipulators can safely
and effectively interact with the environment, even when these
interactions are arbitrary and unknown constraints.
Index Terms—Model-less control, hybrid control, position/force
control, continuum manipulator, soft robotics.

I. I NTRODUCTION
ONTINUUM manipulators offer a unique ability to
safely operate within cluttered and constrained environments [1]. Their continuously flexible backbones naturally
conform to environmental obstacles. This allows them to move
further into a constrained environment as well as passively
minimize their interaction forces with the environment, which
has been particularly useful and important for medical applications [2]. These medical applications are enabled specifically
by the flexibility of continuum manipulators, as rigid-link
manipulators would otherwise apply too much force on the
tissues and would be unsafe.
One of the key modeling/control differences between rigidlink and continuum manipulators is that interactions with the
environment affect the kinematics and mechanics of continuum manipulators in an unknown manner (Fig. 1). Specifically,
because of the continuously flexible nature of their backbones,
their configurations are rarely sensed completely, nor are
environmental interactions that affect the robot configuration.
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Fig. 1. A continuum manipulator routinely interacts with constrained environments in unknown and uncontrollable ways.

This makes the mathematical modeling of continuum manipulators very tricky. We have recently demonstrated a model-less
control method that does not use a kinematics or mechanics
model of the manipulator [3]. The model-less control estimates
the robot Jacobian in real-time using measurements of the
actuator and the position of the tip, and feeding back the
estimate for closed-loop task-space control.
The original model-less control method works well when
the robot is constrained by unknown obstacles on its body,
where it will naturally conform to the environment. However,
some challenges still persist. First, interaction forces with
environments at the continuum manipulator end-effector (tip)
are not currently regulated, suggesting that a force-control
approach be used, and only a small number of model-based
methods have been described for continuum manipulators [4],
[5]. The second challenge is more subtle but of significance to
model-less control: when a manipulator tip comes into contact
with an obstacle, it experiences a velocity discontinuity. For
a hard contact, motion into contact will become zero. On
a continuum manipulator, the actuation drives a degree-offreedom in the bending of the body, while appearing to have
a muted effect on tip motion in one direction. This results
in a poorly-conditioned Jacobian estimate using model-less
control. For stiff contacts, the condition of the Jacobian will
be near singularity, and will cause the actuators to ramp up
significantly and drive much harder to maintain position and
rate tracking.
In this paper, we present a novel hybrid position/force
control method for constrained manipulators with unknown
mechanics and kinematics. Furthermore, constraints on the
manipulator body’s configuration are also unknown. Compared
to prior work, this new model-less hybrid control can be
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applied to a spectrum of continuum manipulators with varying
bending mechanics/kinematics that may not be well understood, and where limited sensing (robot or environment) is
available.
II. P RIOR W ORK
Traditional robotic control techniques rely on an accurate
model of the manipulator in order to solve for joint displacements and torques. Because the environment can conform
continuum manipulators into irregular and unpredictable configurations, modeling of continuum manipulators is a challenging endeavor. Models describing manipulator kinematics have
been formulated for tendon-driven manipulators [6]–[8], pneumatically/hydraulically actuated manipulators [9], concentrictube manipulators [10]–[13], and SMA-actuated manipulators.
These kinematic models assume geometric configurations such
as constant-curvature or elliptical bending that can be inexact
[14]. Mechanics models have been developed for tendondriven manipulators [15], pneumatically/hydraulically actuated
manipulators [9], [16]–[18], for concentric-tube manipulators
[12], [19], [20], and for SMA-actuated manipulators [21]–[24].
The mechanics of the continuum manipulators are influenced
by unidealities in the actuation mechanisms, such as sliding
frictions within tendon-driven manipulators, and these have
recently been investigated as well [20], [25].
The difficulty with modeling continuum backbones is that
two effects must be captured in the model: the robot’s unidealities (e.g. internal drive friction, hysteresis, backlash)
and environmental effects on configuration. Some work has
been done to achieve full configuration sensing [26]–[30], but
require either camera line-of-sight or fiber-bragg gratings that
cannot conform significantly without wear, are sensitive and
costly to implement.
All the methods presented so far have relied on the passive compliance of continuum manipulators to enable safe
navigation. Hybrid control of position and forces provide a
means of active compliance [31]. These controllers rely on
models of the manipulator Jacobian from kinematic and mechanics to perform closed-loop control, and have recently been
used to regulate forces and estimate environmental stiffnesses
in continuum manipulators [4], [23], [32]. These methods
regulated tip forces of manipulators under well-understood
conformation (i.e. free-space motion). Most recently, Bajo et
al. [5] demonstrated intrinsic sensing and control of forces
interacting with the manipulator body. So far, these methods
have relied on in-depth characterization and calibration to
complex mechanics models, as well as multiple configuration
sensors to identify object interactions with the robot.
III. M ETHODS
In model-less control, we will estimate the Jacobian matrix
in real-time to take into account the effects of unmodelled environmental effects and robot unidealities. The control method
comprises two components: a closed-loop optimal controller
that solves for actuator displacements, and a Jacobian estimation method that continuously learns a local Jacobian
estimate online while traversing the environment. The methods

described below are generalized for an m degree-of-freedom
robot in three-dimensional (3D) space. The full control loop
is shown in Fig. 2.
(1) Initialization:
Let x = [x1 ...xn ]> represent the tip pose of the robot and
y = [y1 ...ym ]> represent actuator positions. A Jacobian matrix
J is initialized by moving each actuator independently an
incremental amount, ∆yi while measuring the displacement
∆x. The ith column of J is constructed as Ji = ∆x/∆yi ,
such that
J = [J1 · · · Jn ].

(1)

A weighting matrix W is constructed to normalize the
actuator signals, such that
W = diag (||J1 ||2 , · · · , ||Jn ||2 ) ,

(2)

where || · ||2 is the vector 2-norm operator. Then,
∆x = ĴW∆y.

(3)

where Ĵ = JW−1 is the Jacobian matrix estimate with
column vectors of unit length. W∆y scales the actuator
signals such that, when solving for actuator displacements
using a least-norm optimization method described later, the
actuators are equally weighted.
Tendon-driven continuum manipulators are often redundantly actuated in order to achieve omni-directional actuation
[8]. In these cases, co-activation of tendons results in pretensions along the tendons and the body of the manipulator —
a quantity of interest that can be minimized to avoid buckling.
Tendon tensions can be related to tendon displacements by a
linear function [15], so we define a diagonal stiffness matrix
Kτ , such that:
∆τ = Kτ ∆y,

(4)

where τ is the tension in the tendons. Columns of Kτ can be
constructed by moving each actuator separately and measuring
the change in tensions in all tendons. Tendon tensions τ are
measured using a load cell for each tendon.
(2) Contact Estimation:
Contact estimation is performed through a force sensor. The
force sensor reads a tri-axial force measurement; these forces
are measured in the manipulator frame {Cm } (Fig. 2). These
forces are then defined in the environment frame {Ce } (the
same frame in which the desired reference position and
reference forces are described) using the rotation matrix em R.
Let F = em RFsensor be the forces already defined in the
environment frame; the direction of the contact force is then
uF = F/||F||2 where || · ||2 is the vector 2-norm operator. The
underlying assumption here is that Coulomb friction does not
significantly change the surface normal measured at the tip of
the manipulator (e.g. operating within the lubricated anatomy
of the body) and where sharp corners or deep indentations in
the environment are not encountered.
Forces along uF are the controlled variable, and displacement in the direction in the plane orthogonal to uF are
the controlled variable [31]. Positions in the uF direction
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Fig. 2. The full closed-loop controller. Solid lines show the portion of the controller that controls the manipulator actuation, while dashed lines show the
portion of the controller that continuously learns the Jacobian estimate. The manipulator and environment interaction is shown on the right.

are assumed to not be directly controllable; forces in the
plane orthogonal are also not controlled and furthermore are
assumed to be zero given our assumption of local-planar
contact. This will be useful for avoiding trying to regulate
forces and positions in the uncontrollable directions.

the unconstrained contact location x0 presents an opposing
force from the environment. These are described below as

(3) Optimal Control of Position and Force:
The optimal closed-loop controller shown in Fig. 2 minimizes
a combination of objectives given a number of physical
constraints. Closed-loop control of the unconstrained direction
is done through (3) as

where Km and Ke are the manipulator stiffness and environmental stiffness matrices respectively, and are non-negative
and symmetric. These measurements can either be measured
a-priori or estimated, and do not need to be especially accurate
since the proportional gains KF act as a gain to the stiffness
estimates in the closed-loop controller. This series-elastic system results in a relationship between force and displacement

∆x = ĴW∆yx

(5)

where ∆yx is the actuation responsible for moving the manipulator in the unconstrained direction. Let ∆x describe a
desired displacement in an unconstrained direction. Given a
proportional gain closed-loop controller, the desired displacement is described as

Kx (I − P)(xref − x) if u>
F ∆x < 0,
∆x =
(6)
Kx (xref − x)
otherwise.
where xref is the reference trajectory, x is the measured
position, and Kx is the proportional gain. P = uF u>
F is a
projection into the contact normal, and I − P is a projection
onto the unconstrained plane. This definition avoids controlling positions when moving into the surface, but allows the
user to define positions that move the manipulator off-contact.
Similarly, the desired change in force using a proportional gain
closed-loop controller is described as
∆F = KF P(Fref − F),

Fm
Fe

=
=

Km (x − x0 )
Ke (x − x0 )

∆Fm = −∆Fe = Kr ∆x

(8)

(9)

where Kr = Ke Km (Ke + Km )−1 is the resultant stiffness
mapping between the actuated displacement and the output
force of the manipulator, and is non-negative and symmetric.
Then, from (3) and (8), a desired change in force ∆F is
described by
∆F = Kr ĴW∆yF .

(10)

where ∆yF is the actuation responsible for applying forces in
the direction of contact, and therefore we have
(I − P)ĴW∆yF = 0.

(11)

Finally, for a tendon-driven manipulator, the controller
should ensure that tendons maintain a positive tension so that
they do not go slack. Thus, to maintain a constant positive
tension and using (4),

(7)
τ + ∆τ  .

where Fref is the reference force, F is the measured force, and
KF is the proportional gain.
Consider a force constraint as a simple linear spring approximation of the continuum manipulator’s backbone and an
environment with a certain stiffness, which when in contact
act as a series-elastic system [4]. For a series-elastic system,
the difference between the measured position x and its unconstrained (rest) location x0 presents a spring force from the
compression of the manipulator; similarly, the difference x and

(12)

The complete closed-loop controller, where (6) and (7)
together form the proportional position/force control law, is
minimize
∆y

3
X

λi ||hi ||2

 i=1
 h1 = ∆yF
h2 = ∆yx
hi =

h3 = τ + ∆τ

(13)
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subject to
∆x = ĴW∆yx
∆F = Kr ĴW∆yF
τ + ∆τ  , ∆τ = Kτ ∆y
∆y = ∆yx + ∆yF
The L2-norm of the objective functions ||hi ||2 , i = 1..3
with weightings λi , i = 1..3 is used to find the paretooptimal least-squares solution for actuator displacements ∆y.
This is chosen because it will (i) minimize actuation for
regulating force, and (ii) minimize actuation for following
a trajectory, and (iii) minimize the total tendon tensions of
the system and limit axial compression. λ is chosen so that
range of actuation and tension are equally weighted, but can
also be chosen to weight different objectives differently. ∆yx
and ∆yF are explicitly minimized as they independently
control positioning and force-reflecting actuations. Although
the position and force constraints are orthogonal, the solution
space for ∆yx , ∆yF are not orthogonal. Thus, if minimizing
only their sum, ∆y, we lose independent control of position
and force actuations. A discussion of the system stability is
provided in the Appendix. When the tip is not measuring
contact with the environment, then force control is turned off
and effectively becomes the model-less controller in [3]. This
can be done by setting P = 0 when ||F||2 ≈ 0.
(4) Learning the Jacobian Estimate:
The model-less control method [3] works well when the
robot is constrained by unknown obstacles on its body. We
modify the method here to update the Jacobian estimate
with consideration of the contact by solving the following
constrained optimization problem
minimize

||∆Ĵ||2

Ĵk+1

subject to (I − P)∆x = (I − P)Ĵk+1 W∆y
Ĵk+1 = Ĵk + ∆Ĵ

(14)

where ∆x is the measured end-effector displacement when
it is constrained, and ∆y is the change in actuation, and
(I − P) is used to mask the force-reflecting direction from the
Jacobian estimate where I is the identity. Thus, the Jacobian
estimate combines prior estimates from the force-reflecting
direction with the new estimates in the measured, non-forcereflecting directions to stay updated. Here, ||∆Ĵ||2 represents
the Frobenius norm of the estimation update matrix ∆Ĵ.
Minimizing the Frobenius norm was chosen as a way to have
the Jacobian estimate change at small increments between
timesteps resulting in smoother controller actuations.
IV. E XPERIMENTS AND R ESULTS
A. Experimental Setup
The proposed controller was implemented on a tendondriven continuum manipulator (Fig. 3) comprising a flexible
backbone (length: 280 mm, cross-section: 0.8 mm ×12 mm,
polypropylene, 37 MPa, McMaster Carr) and two 0.6 mm
diameter steel wire tendons. 3D printed plates placed evenly
over the length of the backbone act as vertebrae and provide

Fig. 3. A continuum manipulator with an antagonistic tendon drive and
insertion actuator. Force sensing is achieved using a distal force sensor, and
tendon tensions are measured using proximal load cells. An overhead camera
(not shown) provides 2D tracking in the workspace.

a guide for the tendons to pass through. Two tendons and
an insertion actuator drive the catheter in a planar environment. Tendons terminate at tension sensors (LSP-5, range 05 kg, Transducer Techniques), which measure cable tensions
during tendon actuation; the tension sensors (and therefore
the tendons) are pulled using individual servo gear-motors.
An insertion motor drives the robot forwards and backwards.
Tri-axial forces at the manipulator tip are measured with a
force transducer (Nano17, ATI Industrial Automation) with a 3
mN resolution. A single, uncalibrated camera (Playstation Eye,
480 × 640 pixels, Sony Entertainment Corporation) is placed
50 cm above the environment facing downwards, providing
position tracking at 50 Hz at a resolution of approximately
0.5 mm per pixel. The position of two optical markers provide
position and orientation at the tip.
To minimize the effects of digitization, Jacobian estimations
were run when the manipulator had moved more than 8 pixels
(4 mm). We also apply a smoothing term to the Jacobian
estimate of Ĵk+1 = Ĵk + α∆Ĵ, α = 0.5; this was chosen
experimentally and simply done for practical purposes to minimize effects of noisy sensor data readings. The proportional
controller gains were tuned to achieve a damped response. A
minimum tendon tension of τ = 0.3 N was maintained using
the constrained optimization method during each control cycle.
To calculate Kr , we approximated the manipulator stiffness
with a simple diagonal stiffness map with axial stiffness Ka ,
and bending stiffness Kb , such that Kr = Ke Km (Ke +
Km )−1 , and Km = em Rdiag(Ka , Kb , Kb )em R> . We empirically set the axial stiffness to 0.1 N/mm and a bending stiffness
to 0.01 N/mm to better reflect the reality that the continuum
manipulator is anisotropically stiff.
The optimal closed-loop control and the Jacobian estimation optimizations were performed using the CVXgen convex
optimization solver [33]. The closed-loop computation time
was below 500 µsec.
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Fig. 4. A manipulator (a) comes into contact with a wall (b). For hybrid
control, we demonstrate the effect of overestimating and underestimating Kr
in (13), between 4% to 500% of the actual stiffness. (c) shows the actuation
y of a tendon to achieve a position/force trajectory, (d) shows the regulated
position x, (e) shows the regulated force.
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Fig. 6. (a) Simulation of a position/force regulated task where the manipulator
enters contact with an unknown, stiff environment. The robot is able to
regulate forces with the environment to within a desired range of contact
(b), and is able to come off the environment and continue in position control.
These are done while continuously estimated the robot Jacobian.
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Fig. 5. We examined the anisotropic effect of the manipulator on the hybrid
controller. (a) shows the configuration in which the manipulator comes in
contact with the environment at different angles, (b) shows the regulated
displacement in a compliant environment, and (c) shows the regulated force.
The controller remains stable in these conditions.

B. Simulation of model-less hybrid control
We first investigate the controller performance in different
contact environments and approaches using a simulated robot.
Fig. 4 shows the simultaneous control of position and force
exerted on an environment with a stiffness Kr = 0.05 N/mm.

By controlling forces, we successfully mitigate actuator windup, allowing the robot to avoid internal loading and buckling.
We also show the effect of error in the estimated Kr . Underdamped motion occurs when Kr = 0.05 is underestimated
by nearly two orders of magnitude, or 50 times softer than
the actual environment. Otherwise, the manipulator provides
an overdamped, smooth response. Furthermore, modifying KF
tunes the controller to be more conservative or more aggressive
in its regulation of manipulator forces.
We also investigated the anisotropic stiffness of the continuum manipulators, having different axial and bending compliance (Fig. 5), and its empirical effect on controller performance. The manipulator is asked to enter into contact with
a stiff environment Ke = 0.1 N/mm and maintain contact.
The manipulator has an axial stiffness of 1.0 N/mm and
bending stiffness of 0.1 N/mm. The controller is able to both
maintain constant and stable contact with the environment,
under various curvatures and interaction stiffnesses with the
environment.
An example scenario is shown in Figure 6, where a continuum manipulator is operating in 3D space. The manipulator,
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Fig. 7. The manipulator moves into the environment at different angles,
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stiffness (Km ): insertion actuation in the axial direction (a), tendon actuation
in the transverse direction (b), and insertion and tendon actuation in the
diagonal direction (c).

Reference Trajectory

Measured Trajectory

(a)

with backbone stiffness defined from [15], is configured with
3 tendon actuators drive the 360◦ bending of the continuum
manipulator [8], and an insert/retract actuator drives the robot
into and out of the environment. The manipulator follows
a varying position trajectory, but comes into contact with
an unknown stiff wall and continues to follow the intended
trajectory while regulating forces.
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The most effective method for evaluating our method is
in a physical setup. A position trajectory was tracked while
controlling the desired interaction forces for different contact
scenarios in Fig. 7. The continuum manipulator began in
freespace, and it followed a trajectory that introduces its endeffector into an environmental constraint. The controller was
asked to maintain 100 mN of force when in contact with the
environment. Here, three canonical cases are demonstrated,
showing the manipulator interacting with the environment in
its axial direction (Fig. 7a), its transverse directions (Fig. 7b)
and in a combined, diagonal direction (Fig. 7c). This is to vary
the combination of actuators required for position/force.
The transition from freespace to a constrained configuration
is shown to be stable. Forces converge to the desired level
without any notable oscillatory behavior. At contact, the Jacobian matrix is appropriately updated and successfully avoids
actuator wind-up caused by a contact singularity. Differences
in the speed of convergence to the desired forces can be
attributed to differences in axial and bending stiffnesses of
the manipulator.
D. Position/force control in a complex contact scenario
Fig. 8 demonstrates the continuum manipulator moving
through a series of constraints, resulting in complex contact
scenarios and unpredictable conformations. The trajectory it
follows moves the manipulator into a body-constraint followed
by a tip-constraint simultaneously; the manipulator is then
asked to maintain a constant force (80 mN) along a wall
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C. Physical experiments of canonical contact scenarios
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1500
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(c)
Fig. 8. The robot moves through an unknown, complex environment with
varying body and tip constraints. (a) the controller regulates a constant 80 mN
force (arrows) when it senses the waving surface contact. (b) shows Jacobian
estimates of the robot as ellipses [34, pg. 236], and (c) shows that tendon
tensions are minimized while remaining taut.

that has fluctuating surface normals and depth. The controller
allows the manipulator to regulate positions/forces properly
even under unknown body- and tip-constraints, while selectively updating the Jacobian matrices throughout the trajectory
(Fig. 8b). The controller is able to maintain the 80 mN force
with the environment while tracing the non-linear surface
under multiple constraints (Fig. 8c). This demonstrates the
capabilities of the controller and its ability to adapt to the
environment in a stable manner.
E. A touch-and-drag task for medical catheter applications
One promising medical application for continuum manipulators is for controlling ablation catheters. In order to perform a
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Fig. 9. A robot manipulator (a) coming into tip-contact with a soft constraint
and tracing a path along the constraint (b), as is done for cardiac tissue
ablation. The (c) tracking accuracy, and (d) interaction forces are shown.
A non-force-regulated model-less controller (blue line) fails to perform the
task while the proposed controller is able to complete the ablation task under
regulated forces.

proper ablation, the catheter needs to apply sufficient pressure
at its tip to the tissue in order to achieve cell necrosis, usually
through high-intensity radio-frequency energy. Furthermore,
contiguous linear ablations are necessary to segregate healthy
tissues from erroneous and arrhythmia-inducing electrical signals. Control of these contiguous paths and forces are most
effectively done in task-space and therefore it is a good environment for applying the proposed position/force controller.
Fig. 9 shows the continuum manipulator applying pressure
and tracing a linear path on a silicone tissue phantom with
an elastic stiffness of 0.32MPa, emulating the stiffness of a
diseased human heart [35]. We are able to trace a user-defined
trajectory while applying pressure to the environment. Forces
with the soft tissue phantom are regulated to a safe level of
approximately 100 mN.
V. D ISCUSSION /C ONCLUSION
In this paper, we presented a control solution for addressing the challenges of navigating continuum manipulators in
environments where there are unknown body and tip constraints on the robot. We developed a hybrid position/force
control approach that can be used to control the manipulator
end effector position/force in the presence of unknown body
constraints. By continuously learning the robot Jacobian online, we accounted for the effects of unknown environmental
constraints on body, and tip-constrained motion and forces.
We successfully adapted our Jacobian estimate to account for
motions along a variety of environments in which the tip of
the robot was constrained. This method thus is an effective
and applicable method for continuum manipulators that have
complex or unknown bending mechanics, especially when
navigating unknown environmental obstacles and constraints.
A number of limitations are known for the proposed method.
First, the method relies on sensor accuracy for its estimation
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method; this is the compromise for not using a model-based
controller and instead using a completely data-driven technique for feedback control. As with any control method, and
perhaps with more importance to model-less control, sensor
resolution and temporal discretization can require heavier
signal processing/filtering that introduces estimation lag and
limits the performance of the controller. Characterizing the
effects of lagging Jacobian estimation is an interesting problem
and is subject to future work. Second, a distal force sensor
is required. These, however, are now accessible technologies
and have commercial use in 3 mm diameter catheters [36].
Third, as with most force-control methods, we presume that
the robot is not stuck in a stiff indentation where the force
vectors would bounce between two or three directions, and
sharp convex edges could also produce a sudden loss of contact
so force tracking may be lost or difficult to regulate in these
situations. Finally, we use an estimate of manipulator stiffness
that should be estimated to within a order of magnitude for the
force control, since it can otherwise result in under-damped
responses. A potential method is to continuously measuring
the environmental stiffness based on the tip-displacements
and measured forces in the environment [5]. This presents
the more practical aspects of implementing such a controller,
which is that without a kinematic or mechanics model of the
manipulator, we have an additional tuning parameter in the
control system. A combined model-based and our learningbased approach could capture the benefits of both methods
and provide optimal performance.
A PPENDIX
Stability: We show that under ideal conditions (no hold
effects, delay, etc.) the hybrid position/force control with the
model-less Jacobian is stable. We begin with a desired taskspace position and force {xd , Fd } and the task-space position
and force {x, F}. The error is defined as ex = xd − x and
eF = Fd − F. The change in error is:
ėx

ẋd − ẋ.

=

(15)

By substituting our real-time Jacobian estimate (3), we have
ėx

=

ẋd − ĴWẏ

(16)

We define a Lyapunov candidate function
V (ex ) =

1 >
e ex
2 x

(17)

Its derivative is defined as
V̇ (ex ) =
=

e>
x ėx
>
ex ẋd − e>
x ĴWẏ

(18)

where V̇ (ex ) < 0 for asymptotic stability.
We now use the proportional control law (13), where
ẏ

=

ẏx + ẏF

(19)

such that
V̇ (ex ) =

>
>
e>
x ẋd − ex ĴWẏx − ex ĴWẏF

(20)
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Substituting the orthogonality condition between ex and ĴẏF
from (11), we reduce (20) to be
V̇ (ex ) =

>
e>
x ẋd − ex ĴWẏx .

(21)

Consider a case where the minimum tendon-tension constraints in (13) are satisfied; then (21) becomes
=

>
†
e>
x ẋd − ex ĴW(ĴW) Kx ex

(22)

where † is the matrix pseudo-inverse, and Kx is the diagonal
positive proportional gain matrix.
During position regulation, where ẋd = 0,
V̇ (ex ) =
=

†
e>
x ĴW(ĴW) Kx ex
†
e>
x ĴĴ Kx ex

(23)

For rank-deficient Jacobian estimates, rank(Ĵ) = n and
ĴĴ† = I, then
V̇ (ex ) =

−e>
x Kx ex < 0.

(24)

for Kx > 0, and is therefore asymptotically stable.
A similar proof can be shown that eF , when under forcesetpoint control, Ḟ = 0, is stable when
V̇ (eF ) = −eF > K−1
r K F eF < 0

(25)

is the compliance of the system and is thus
and since K−1
r
positive definite, then the condition holds that the system is
asymptotically stable for K−1
r KF > 0, which is satisfied for
the proportional gain KF = kI, k > 0.
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